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Abstract 

A class of linear positive, trace preserving maps in Mn is given in terms of 
afSne maps in R which map the closed unit ball into itself. 

1 Introduction 

A linear mapping from a C*-algebra A into a C*-algebra B is called positive if it 
carries positive elements of A into positive elements of B. Such a map is said to be 
normalised if the image of the unity of A coincides with the unity of B. 

Positive maps have become a common interest to mathematicians and physicist, 
c.f. [1-31] and [32,33]. There are several reasons for this: 

(i) The notion of positive map generalizes that of state, *-homomorphism, Jordan 
homomorphism, and conditional expectation. 

(ii) By duality, a normalised positive map defines an affine mapping between sets 
of states of C*-algebras. If these algebras coincide with the C*-algebras of 
observables assigned to a physical system, then this affine mapping corresponds 
to some operation which can be performed on the system. 

(iii) It has been recently shown that there exists a strong connection between the 
classification of the entanglement of quantum states and the structure of posi- 
tive maps. 

Let Mfc {A) be the algebra oi k x k matrices with elements from A and Mj^ {A) be 
the positive cone in Mk{A). For A; G N and ip : A ^ B define maps ^k,'^k ■ -^fc(^) 
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Mk(B), where fkilo-ij]) = ['^{O'ij)] and ^kiWij]) — [fii^ji)]- '^^^ laap <p is said to be 
k-positive {k-copositive) if the map tp^ {^j.) is positive, respectively. 

A map (p is said to be k- decomposable if (p^ is positive whenever [ojj] and [ojj] 
belong to M^{A). A map ip : A ^ B \s. called completely positive, completely copos- 
itive and decomposable if it is A;-positive, A;-copositive and and ^-decomposable for 
all k eN, respectively. According to the St0rmer theorem [10], every decomposable 
map (p : A ^ B{7i) (B{7i) is the set of bounded linear operators on a complex 
Hilbert space H) has the form ip{a) = v*j{a)v, where j : A —>■ B{IC) is a Jordan 
homomorphism and is a bounded operator from H into fC. Since every Jordan ho- 
momorphism is the sum of a *-homomorphism and a *-antihomomorphism [3] every 
decomposable map ip : A ^ B{7i) has the form ip = (pi-{- ip2, where ipi is completely 
positive and ip2 is completely copositive. A positive map which is not decomposable 
is called an indecomposable one. 

In the case A = B{H) = M„(C) every decomposable map (p : M„(C) M„(C) 
can be written in the form 

= '^alf^ak + '^bla'^bk, (1.1) 

k k 

where ai, 02, . . . , bi,b2, . . . G M„(C) and is the transpose map in M„. It is known 
[2, 12, 16] that every positive map tp : M2(C) — > M2(C) is decomposable. The first 
example of an indecomposable map in M3(C) was given by Choi [7, 8] and its gener- 
alizations can be found in [17-31]. 

There are two known types of indecomposable maps in M„ for n > 3: 

(i) A scries of maps ipk : M„(C) Mn(C), A; = 1, . . . , n - 2; c.f. [21, 31]. Let e 
be the projection of norm one in M„(C) to the diagonal part with respect to 
a given basis in C" and s be the unitary shift in -M„(C) such that s = [dij+i], 
where the indices are understood to be mod n. The maps (pk are defined as 
follows 

k 

(Pk{a) = {n-k)e{a) + J2<s'as*')-a. (1.2) 

1=1 

Since ipki^n) = {n — 1)11„ and Tnpk{a) = (n — l)Tra, the maps 

= ^T^Y'^^^")' A; = 1,. . . ,n- 2, (1.3) 

are bistochastic ones. 

(ii) A class of maps ip{po,pi, ■ ■ ■ ,Pn) '■ c.f. [28,31] of the form 
(p{po,Pi, ■ ■ ■ ,Pn)ia) = a' with 

a'li = Poan+Pnann 
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022 = Poa22+Piaii 



a, 
a; 



/ 

nn 
I 



= PoGnn + Pn-ian-l,n-l 



-a, 



(1.4) 



where 

Po,pi,...,Pn>0, n-l>po>n-2, pi ■ ■ ■ . ■ Pn > {n - I - Po 



n > 3. 
(1.5) 

The above maps are atomic, i.e., they cannot be decomposed into the sum of a 
2-positive and a 2-copositive maps [23,31]. 

2 A Class of Positive Maps in Mn 

Let if he a positive, trace preserving map in Mn{C) i.e., a dynamical map [34]. Since 
ip is self-adjoint, i.e., 'p{a*) = ip{a)* it is enough to consider it in the space 



Hn = {ae Mn : a = a*} . 



(2.1) 



The Hnear space Hn is the real Hilbert space with the scalar product (a, 6) = Tr(afe) 
and the norm ||ap = {a, a). 

If a G Hn and Tra = p > 0, the necessary condition for positivity of a is Tra^ < 
(Tra)^ = p^, which can also be written in the form 



a -Tra 

n 



< (Tra)2. 



n 



Let us define the following convex sets in Hn- 

Bn{p) = {a£ Hn ■■ a-- 
Snip) = {ae Bnip) : a > O} , 



< P , Tia = p\ , 



Blip) = {aeHn-. 
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< , ^ ,y , Tra = p}. 
nin — 1 > 



(2.2) 

(2.3) 
(2.4) 

(2.5) 



The set Sn{p = 1) is just the set of all density operators on C". 
Lemma 1 //a G -B°(p) then a>0, i.e., the inclusions 

Blip) C Snip) C Bnip) 

hold. 



(2.6) 
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Proof. Let us observe that is invariant with respect to the mapping p U*pU, 
U e SU(n), and the set 
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^ ^ n ^ ri{n-l) f^^ i 
is the ball inscribed in the set 

n 

Snip) = {pi,---,Pn ■■ Pi > 0, i = l,...,n, = p > 0| . 

1=1 

Since the eigenvalues of a G B!^ lie in 6^, they are non-negative. 
It should be pointed out that in the case n = 2 one has 

Blip) = S2ip) = B2ip). (2.7) 

Let £p : Bnip) —>■ B^{p) be defined as follows: 

%(a) = %+^(a-^p) = -J-a+(l-^)%. (2.8) 

n n — 1^ n ^ n — 1 ^ n — \ ^ n 

The map is positive and trace preserving. It is convenient to introdTice an orthonor- 
mal base in /i, . . . , /„2 such that (/„, fp) = 5ap and /„2 = 1„/ y^, i.e. TV/q, = 
for Q: = l,...,n^ — 1. Every element of a G Hn can be written in the form 

a = ^Xafa, Xa = Tr (a/a) (2.9) 

or 

a = hLTr:a+ {f,x) , (2.10) 
where x = (xi, . . . ,a;„2_i) G R"''"\ / = (/i, . . . , /„2_i), and 

= Yl f<-Xa- (2.11) 

a=l 

Let i?(M",r) be the closed bah in with the radius r, i.e., 

5(R",r) = {xGR" : (a;,x)<r}. (2.12) 
Let Vn denote the set of affine maps (T, h) : R" ^ R", where 

iT,h)x = Tx + h, rGM„(R), 6gR", (2.13) 
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which maps the closed unit ball i?(M", 1) into itself. Since T>n is convex, compact and 
finite-dimensional, each element of T>n can be written as a finite convex combination 
of its extreme elements. The extreme elements of P„ have been classified in [16] in 
thefollowing manner: 

ExtrP„ = {{T,b) : T = R1AR2 , b = Ric , i?2 G 0(n) , 

A = \\XA,\\ , Ai = . . . = A„_i = [1 - ^2(1 - k2)]1/2^ Xn = 4^ - 5\l - k2)]V2 ^ 

ci = ... = cn-i = , c„ = (5(1 - k2) , < K < 1 , < (5 < 1} . (2.14) 

It is clear that the map (T, rb) maps the ball i?(M", r) into itself provided (T, y) E 

Let us observe that the subset ExtrPjl of ExtrP„ corresponding to k = 1 has the 
form 

Extrpo = {{T,y) : T E O (n) , y = 0} . (2.15) 

Taking into account ()2.3() . ()2.9|) and ()2.1U|) one finds that an element a E Bn{p) can 
be represented in the form 



a = —p + {f,x), p = Tra, where xeB(w^-\p( ) ), (2.16) 

while the map Ep, c.f. ()2.8|) takes the form 



ep{a) = hip+J—{f,x). (2.17) 
n n — 1 

Composing the map Ep with the map ^ : Bn{p) Bn{p) given by 



n - l\i/2 



n 



In /„ /n-l\i/2 



V^T,yp ^a) = ^p+(f,yp[ (2.18) 



n \ ^ n 



one finds that the composed map (p[{T, y)] : Bn{p) — > B^{p) C Bn{p) has the form 

ip[T,y]{a) = hip+^/f,Tx+py('^y^'), (2.19) 
n n— 1\ \ n ' I 

where (T, y) E P„2_]^, is a positive one by the construction. Since the map (|2.19j) is 
homogeneous it can be extended to Hn , and its extension to M„ is given by 

ip[T,y]{c + id) = ip[T,y]{c)+MT,y]{d) for c,deHn. (2.20) 

The main result can be summarized in the following 
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Theorem 1 Every affine map (T, y) which maps the closed unit ball in M" ^ into 
itself induces a positive, trace preserving map ip{T, y) : M„ — > M„ 

V9[r,y](a) = ^^Tra + ^(/,rx + y(^)'^'Tra), (2.21) 
where x = . . . , x„2_i) G M"^"^ Xa = Ti{afa), and f = (/i, /2, • • • , /„2_i), 

fa = fa, Tr(/a//3) = Saf3, fa = 0, «, /3 = 1, . . . , - 1 . 

It should be pointed out that in the case n = 2 every positive, trace preserving map 
has the form ((T^ . 

A systematic construction of the operators /i,...,/„2_i G Hn (generators of 
SU(n)) is well known, c.f. [35]. They are given by 

(/i, . . . ,/„2_i) = {di,Uke,Vke) , i = l,...,n-l, l<k<i<n, (2.22) 

1 ^ 

de = — === ^(cfcfc - A;efe+i,fc+i) , £=l,...,n-l, (2.23) 

v'-y'^ + ij f^^^ 

Uki = -^(eke-eek), (2.24) 

Vki = -^{ek£-eek), (2.25) 
eke = ek{ee, ■ ) , (2.26) 

where (ei, . . . , e^) is an orthonormal base in C". 

As an illustration of the formula (|2.21|) let us consider the case n = 3. Using the 
notation 

xi = Tr(adi), X2 = Tr(ad2) (2.27) 

and 

Xke = Tr(aufc£), yke = Tr(aufc^) (2.28) 
let us consider the rotation R{a) £ S0(8) given by 

x'l = xi cos a — X2 sin a , 

X2 = xi sin a + X2 cos a , 

x'ki = -Xki, (2.29) 

y'ke = -yke , 1 <k < i <n. 

Taking into account the explicit form of di, d2, Uke, Vke, 1 < k < i < 3, one finds 
that the corresponding map (^[a] = (p[R{a),0] : M3(C) M^IC) has the form 
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a' = ip[a]{a), where 



(^11 = ^[K<^)(^ii + M(")a22 + 2^(Q!)a33] , 

«22 = + A(Q;)a22 + M(")a33] , 

0^33 = ^[A*(a)aii + z/(a)a22 + A(a)a33] , 

o-'ij = -\o.i3^ ^¥=3, (2-30) 



and 



2 

A(") = oi^ + cosa), 
f \ 2/1 .^ 

2/1 V3 . \ 

X{a) + + i'(a) = 2. (2.31) 



The special cases are: 
(i) a' = ip[a = n / 3\{a) 



oil = ^(011+033), 
«22 = ^(022+011), 

«33 = ^(033 +022), 



/ 



(ii) a' = ip[a = — 7r/3](a) 



«n = ^(011+022), 
«22 = ^(022+033), 
«33 = ^(033 + 011), 
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Ill 



IV 



ip[a = 7r](a) = l/2(]l3Tra - a) 
ip[a = 0](a) = l/2,ip[a = 7r](a) + (1 - l/'i)^{a) 
a" = ip{a), 



If 

On 



ail ■ 
1 



// 

"22 



"22 



"33 



"33 



The maps (i) and (ii) are indecomposable Choi's maps, the map (iii) is completely 
copositive, while (iv) is decomposable. 
Let [xij] G M3(M3) be the matrix 

/ 
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1 ^ 



p> 0. 



(2.32) 



Then both [xij] and [xji] belong to M3(M3)'^. It is easily seen that the matrix 
[(/?[Q](xij)] is not positive for < a < vr, i.e., the map ip[a] is indecomposable for 
< a < TT. 

It should be pointed out that the indecomposable maps H1.4|) does not belong to 
the class considered above. 
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